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Abstract 



In this paper we consider a sequence of random variables with mean uncer- 
tainty in a subhnear expectation space. Without the hypothesis of identical 
distributions, we show a new central limit theorem under the sublinear ex- 
p I . pectations. 
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^ . 1. Introduction 

00 , 

00 . 

Motivated by the coherent risk measures (cf. [1, 2]) and uncertain volatil- 
ity models in finance (see, e.g. [11]), Peng [12, 14] recently introduced the 
*^ I notion of sublinear expectation which is not based on a classical probability 

Q ' space. Under the sublinear expectations, a random variable X in a sublinear 



expectation space {Vt,l-i,E\ (for its definition, see Section 2 of this paper) 

is said to be of G- normal distribution with zero mean (cf. [14, 17]), if for 
/\ ' each Y which is an independent copy of X, it holds that 



aX + hY = Va2 + 62X, Va, 6 > 0. 
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Just as the classical normal distributions in probability theory, for a G-normal 
distributed random variable X, we have (cf. [14]) 

E[^{x)] = u{i,o), ^^eCb,up{R), 

where u {t, x) is the unique viscosity solution for the following heat equation 

dtu-Gidlu) = 0, 

u \t=o= ^, 

where G {a) := £" [|q;X^1 . In the theory of sublinear expectations, the 
above heat equation often plays a role of characteristic function in probability 
theory. 

On the basis of G-normal distribution, G-Brownian motion can be de- 
fined, and the corresponding stochastic calculus with respect to the G-Brownian 
motions and the related Ito's formula can also be established (cf. [12, 14]). 
Since the importance of law of large numbers (LLN) and central limit theo- 
rem (CLT) in probability theory, Peng [13, 15] has shown the corresponding 
LLN and CLT under sublinear expectations, which indicate that G-normal 
distributions play the same important role in the theory of sublinear expec- 
tations as the normal distributions in the classical probability theory. 

Due to the significance of sublinear expectations in finance and statistics, 
the theory of sublinear expectations has been attracting more and more at- 
tentions in both pure and applied mathematics (see, e.g. [6], [8], [18], [19] 
and [20]). 

The purpose of this paper is to investigate one of the very important 
fundamental results in the theory of sublinear expectations — Central Limit 
Theorem. Until now, all the results on central limit theorems under sublinear 
expectations require that the sequence of random variables is independent 
and identically distributed. Analogous to the CLT in the probability theory, 
a natural question is whether one can weaken the hypothesis of identical 
distributions for the CLT under sublinear expectations? 

In this paper, without the hypothesis of identical distributions, we prove 
a new central limit theorem within mean uncertainty under the sublinear ex- 
pectations, which extends Peng's results. Precisely, for a sequence of random 
variables {(^m^)}^! in a sublinear expectation space, we only require the 
random variable (X„+i, l^+i) is independent to {{Xi.Yi) , {X2, Y2) , ■ ■ •, (X„, 1^)}, 
n = 1,2,3,---. 



2. Basic settings 

Let Q he a given set and "H a vector lattice of real functions defined on 
Q, including 1, such that if Xi,- ■ -^Xn G "H then Lp{Xi,- ■ -^Xn) G "H for 
each Lp G C^^Lip (^") where C^^Lip (-R") denotes the space of bounded and 
Lipschitz continuous functions defined on i?". l-L is considered as a space of 
"random variables". We denote by (x, y) the scalar product of x, y G i?" and 
by |x| = (x, x) the Euclidean norm of x G i?". Let 5" (r?,) be the collection 
of n X n-symmetric matrices. S (n) is obviously a Hilbert space with the 
scalar product (P, Q) = tr [PQ]. 

Now we give some related definitions about sublinear expectations (see 
[12-17] for details). 

Definition 2.1. A sublinear expectation £" on "H is a functional E : H —t- R 
satisfying the following properties: for all X,Y ^Ti, we have 

(a) Monotonicity: liX >Y, then E[X]> E [Y] . 

(b) Constant preserving: E [c] = c,\/c E R. 

(c) Sub-additivity: E[X + Y] < E[X] + E [Y] . 

(d) Positive homogeneity: E [XX] = XE[X]yX>0. 

The triple (fi,'H,£'j is called a sublinear expectation space. 

Definition 2.2. Let Xi and X2 be two ri- dimensional random vectors defined 
in sublinear expectation spaces Iflijl-Li.Ei] and (i72, 7/2, -£^2 ), respectively. 

They are called identically distributed, denoted by Xi = X2, if 

E, [ip (Xi)] = E2 [^ (X2)] , Vv9 G Ct,,up {Rl ■ 

Definition 2.3. In a sublinear expectation space ( fi, "H, i? j a random vector 

Y = {Yi,- ■ -jYn), Fj G "H is said to be independent to another random 
vector X = {Xi, ■ ■ ■, Xm), Xi E Ti under E [■] if for each test function Lp G 
Cb,Lip {R"" X ^") we have 



E[^{X,Y)] = E E[^{x,Y)] 



\x=X 



The definition of independence means that any realization of X does not 
change the distributional uncertainty of Y. At the same time, the fact that Y 
is independent to X does not imply that X is independent to Y, an example 
can be seen in [14] or [15]. 



Definition 2.4. (G-normal distribution with mean uncertainty) A pair of d- 
dimensional random vectors {X, Y) in a sublinear expectation space iD.,'H, E 
is called G-normal distributed if for each a, 6 > we have 

{aX + bX, a^Y + bW) = (Va^ + b^X, {a^ + b^) yY ^a,b>0, 

where (X,y) is an independent copy of (X,Y). 

The following propositions (cf. [12, 15]) play an important role in this 
paper. 

Proposition 2.5. Let G : R^ x S (d) ^ R be a given sublinear functional 
continuous in (0, 0) and satisfying the following properties: for any {p, A) 
and {p, A) eR'^x S (d) 

G {p + p,A + A) < G ip,A) + G {p,A) , 

G {Xp, XA) = XG {p, A), VA > 0, 

G{p,A)>G{p,A), ifA>A. 

Then there exists a pair of d- dimensional G-normal distributed random vec- 
tors (X,Y) in some sublinear expectation space (r2,'H,£') such that 



G{p,A) = E 



1 



{AX,X) + {p,Y) 



V (p, A)eR'^x S (d) 



Proposition 2.6. Let {X, Y) be a G-normal distributed random vector in a 
sublinear expectation space iil,l-i, E) . For each </? G Cb,Lip {R^) we define a 
function 



V {t, x) := E 



ip[x 



+ ViX + tY 



V(t,x) G [0,oo) X R^. 



Then v is the unique viscosity solution of the following parabolic partial dif- 
ferential equation (PDE) 



dtv - G {D^v, Dlv) =0, V |t=o= ^, 



where 



G{p,A) = E 



{AX,X) + {p,Y) 



V (p, A)eR'^x S {d) 



Proposition 2.7. Let X,Y be two random variables in a sublinear expecta- 
tion space ii^jT-L, E] , then for I < p,q < oo, - + - = 1, we have 

E\\XY\]< {EWXnY^'-fEWYn'''^' 



In particular, for I < p < p , we have 



EWXn]'^' < {E 



IXF 



l/p 



3. Main results 

Now we give the main result in this paper — Central Limit Theorem. For 
the simplicity of notations, we first prove the 1- dimensional case of CLT. 

Theorem 3.1. In a sublinear expectation space (i7,'H,£'j, let {(Xi,Yi)}°^^ 

be a sequence of R x R-valued random variables and (^, Q be a pair of G- 
normal distributed random variables. We assume that 

(i) (Xj+i, Yi+i) IS independent to {{Xi.Yi) ,■ ■ ■, (Xj, Fj)} , for i = 1,2,- ■ ■; 
(ii) E[Xi] = E[-Xi] = 0, E [\Xif] < M, E [\Yif] < M, where M is a 
positive constant; 



(iii) hm i V E 



i=\ 



\Xl-ef =0,limiE^O^^-Cl']=0; 

J 71— !>oo ^_Y 

(iv) there exists /? > 0, such that E \a^\ — E ^^\ > j3 {a — a) , for any 
a,aER with a >a. 

Then the sequence < ^ + ^i. I ^ where Sn = Xi-\ \-Xn, Tn = Yi-\ \-Yn, 

converges in law to ^ + (: 



lim E 



ip\ -^ + — 

n n 



^[v?(e + c)], V(/;Ga,L.p(i?) 



where the sublinear function G : R x R —^ R is defined by 

1 



G{p,a) ■.= E 



K + ^ae 



Proof. For any (/? G Cb,Lip{R), and a small but fixed h > 0, let V be the 
unique viscosity solution of 

dtV + G{d^V,dlV)=0, it,x) e [0,1 + h]xR, V\t=^+h=^. (1) 

Since (^, () is of G-normal distribution, from Proposition 6, we have 



V{t,x) = E ipix + Vl + h-t^ + {l + h-t)C 
Particularly, 

V{h,0) = E[^{C + C)], V{l + h,x) = ^{x). (2) 

Since (1) is a uniformly parabolic PDE and G is a convex function, thus, by 
the interior regularity of V (see Krylov [10], Theorem 6.2.3), we have 

for some a G (0, 1). 

We set 5 = ^, So = To = and 'Si = VSSi + 5Ti, then 

v(l,V6Sn + 6Tr^-ViO,0) 
= V{l,Sn)-V{0,0) 



n-1 



J2{V{{^ + l)^,S,+^)-V{^6,S,)} 

i=0 
ra-l 

J2 { [V ((^ + 1) S,S,+,) - V {tS,^.+i)] + [V (25,:S,+i) - \/ {z6,S,)] } 



i=0 

n-l 



= Jlin + Ji}^ 

with, by Taylor's expansion, 

dlv (i6, s, + 7/3 (x,+i v^ + r,+i(5) ) - dlv [ts, :s,) 

(x,+iv^ + y,+i5)' + ^dl,V {i6,S,) {Y,l,6^ + 2X,+iy,+i53/=^) 

6 



+ 



1 /.I 



^0 



f3d'yd(3 



Thus 



E 



"n-l 
.i=0 


-E 


' n-l " 
. i=0 . 


< E 


V{1,S 


n)]-^ 


1/(0,0) 








< E 




+ E 


"n-l " 

J=o 



(3) 



For the 3rd term of JJ, by (i) and (ii) we have 



E 



d^V{tS,S,)X,+,VS 



E 



-^,V{^6,S,)X,+^V6 



0. 



We then combine the above equahty with (1) as well as the independence of 
(X,+i, F,+i) to {(Xi, Fi) , ■ ■ -, (X,, r,)}, it follows that 



E[Jl] 



= E 
= E 
< SE 



dtV {t5, S,) 6 + -dl,V {tS, S,) Xl,5 + d^V [i5, S,) Y,+^5 



dtV {%5, S^)6 + E 



+6E 



dtV{i6,S,)+E 
1 



^dl^V {t5, S,) Xl,6 + d^V {z6, S,) y,+i5 



-dlV {26, S.) e + d.V {zd, S.) C 



dlV {t5, S,) {Xl, - e) + d.V {z6, S,) (y,+i - C) 



5E 



-dlv {t6, s,) {xl, - e) + d^V {t6, S,) (y,+i - C) 



< -E [dlv {26, s,) {xl, -e)]+ SE [d^V {zd, s,) (y,+i - 0] 



< 2'^ 



-T^ \ |2 



Kv{t5,S,) 



1/2 



E 



.2|2 



6 E 



-T^ \ |2 



\d^V{i6,S,) 



1/2 



E [\Y,-,i - CI'] 



1/2 
1/2 



But since d^^V is uniformly |-Holder continuous in t and «- Holder continu- 
ous in X on [0, 1] x R, it follows that 

\dlv {ts,^,) - dlv (0, 0)1 < c (l^.r + m 



where C is some positive constant. We note that 



E 


" :s. ^" 


< 


E 






= 


E 






< 


E 






< 


E 



Si VI 



(|:s,|vi) 

(|^.|vi) 



2a 



< 2E\\sf\ +2 



< iE 

n 






^\e 



0=1 



+ 2 



^ ^E^ra+^E^KT+2, 



i=i 



i=i 



at the same time, 



i=i 



n 



i=i 



< ^^E[(y;-cn+2B[cT. 



i=i 



From fiii), it follows that 



n— >-oo n 



1/2 



1/2 



i=l 

j=i 



n^oo ?^ 



Then there exists a constant Ci > such that 



E 



|C^(^5,^0I 



1/2 



<2Ci. 



(4) 
(5) 



Since ip G C^^np (R), there exists a constant C2 > such that 

\^{x)-^{y)\<C2\x-y\, \/x,yeR. 

Then Vt G [0, 1], Vx, y e R, we have 

|y(t,x)-\/(t,y)| 

(/? (^y + Vl + /i - t^ +{l + h-t)( 



= E 

< E 



E 



^[x + ^i + h-ti + {i + h-t)c 

ip{x + Vl + h-tC + {l + h-t)CJ -'p{y + Vl + h-tC + (1 + /i - t) C 
< C2\x -y\. 

From the above inequahty, we obtain 

\d.Vit,x)\<C2, V(t,x)G[0,l]xi?. 
Thus 



^ [Jl] <-(e 



^.^1 - e 






it follows that 

"n-l 

'5 



^ 






n-l 

< Z'^M 

i=l 

< -E ^ 



n 



I IT 2 f2|2 



1/2 a 



n— 1 



j=l 



n 



j=i 



1/2 



then by (4) and (5), we have 



lim E 

n— >oo 



n— 1 
.j=0 



< 0. 



Similarly, we also have 



^M > -^(^[i5L^(^<^,^.)r 



1/2 



1/2 



^ 



1^2 (^2 I 2' 

K^J+1 ~^ 



1/2 



-(5 [e [|a,y (25, 5,) f ] ) [e [|y.+i - CI'] 



1/2 



and 



Thus 



lim E 



lim E 



n-l 
. i=0 



n— 1 
.i=0 



>0. 



0. 



(6) 



For /], since both dfV and d'^^V are uniformly ^-Holder continuous in t and 
a-Holder continuous in a; on [0, 1] x R, we have 

\il\ < C35i+°/'('i + |x,+i + v^y,+iP + |x,+i + v^y,+i|'^"') 

where C3 is some positive constant. From (i), it follows that 

1 



E[\^lV{^6,S,)X,+^Y,+,6'/^\] 



3/2 



E[\dlV{z6,S,)\]E[\X,^,Y,+,\] 



< 



n 

j^3/2 

2Ci 



E[%^in) (E 



l^j+1 



3/2 



2/3 



^2/3^ 



2Ci 

77,3/2 



1/3 



and 



S 



-\dlV{z6,S.)Y^_,,6'\ 






At the same time, we can claim that 

2+a 



E 



x,+i + v^y,+i 



Therefore it follows that 



lim E 

n—¥oo 



< E 



n-l 

Jin 

.i=0 



2 + a 



X,+i + VSY, 



+1 



2 + a 

< (8M)^ 



n— 1 



< lim y^ E\\n\] =0. 



j=0 



10 



It also holds that 



Thus 



lim —E 



lim E 



n—1 



1=0 



n— 1 



> lim -V^nnll =0. 



i=0 



n-1 

Jin 

. i=0 



lim —E 



n—1 

j:n 

i=0 



0. 



(7) 



Therefore from (3), (6) and (7), we have 



lim E 

n— >oo 



V (l, VsSn + 5T„ 



\/(0,0). 



On the other hand, for each t,t G [0, 1 + h] and x E R, we have 



t-t 



V{t,x)-V(t',x] <c(y/\t-t'\ + 
Thus |y(/i,0)- 1/(0,0)1 <c(Vh + h) and 
^ [y (1,^„)] -E[^ (Sn)] \ = \e[V (1,:S„)] - ^ [y (1 + h,Sn)] I < C (v^+ /l) . 



Then we can claim that 

(VSSn + STn^'j -E[^{^ + C)]\ <2C(yh + h 



lim 

ra— >oo 



E 



V 



Since h can be arbitrarily small, we obtain that 



lim E 

n—^OD 



^ 



^r5Sn + 6T^] =E[ip{^ + 0]. 



The proof is completed. 

It is not difficult to obtain the following statement. 

Remark 3.2. In addition of the assumptions of Theorem 3.1, if there is a 
sequence of i? x i?- valued random variables { [Xi, Fj) } ._ in another sublin- 

ear expectation space (ili,l-li,E], such that (Xj+i, yj+i) is independent to 



{ (Xi, Fi) , ■ ■ -, (X„ y,) } and (X,, F,) = (X„ F,), for z = 1, 2, ■ ■ -, then we 
also have 



lim E 

n— >oo 



/ n n \ 



L V 



1=1 



+ 



1=1 



n 



n 



^[V9(e + C)], ^^eC,,up{R). 
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By the same arguments, we can claim the multi-dimensional case of CLT. 
Theorem 3.3. In a sublinear expectation space (i7,'H,£'j, let {(^j,^i)}^i 

be a sequence of R^ x R^-valued random vectors and (^, Q he a pair of G- 
normal distributed d-dimensional random vectors. We assume that 

(i) (Xj+i, y^+i) IS independent to {{Xi,Yi) ,■ ■ ■, {Xi, ¥{)} , for i = 1,2,- ■ ■; 
(ii) E[Xi] = E[-Xi] = and E [\Xif] < M, E [\Yi\^] < M, where M is 
a positive constant; 

n r 

(iii) hmiE^ \x.xr-^e\ 



i=l 



= and lim 1 E ^ [1^^ " Cl'] = 0; 

(iv) there exists /3 > 0, such that E [(A^,0] - E [(^^>?>] > Ptr[A-^, 
for any A,^e S (d) with A>A. 

Then the sequence {^ + '^\ , where Sn = Xi-\ |-X„, r„ = Yi-\ VYn, 

I '^ J n=l 

converges in law to ^ + (: 



lim E 



V 



bri 



T 



n n 



E[cp{^ + C)], Vv9 G a,L.p (i?') 



where the sublinear functional G : R'^ x S{d) -^ R is defined by 



G{p,A):=E 



{pX) + ^{ac,0 



p. Artzner, F. Delbaen, J. Eber, D. Heath, Thinking coherently, RISK 10 

(1997) 68-71. 

P. Artzner, F. Delbaen, J. Eber, D. Heath, Coherent measures of risk. Math- 
ematical Finance 9 (1999) 203-228. 

Z. Chen, L. Epstein, Ambiguity, risk and asset returns in continuous time, 
Econometrica 70 (2002) 1403-1443. 

G. Choquet, Theory of capacities, Ann. Inst. Fourier 5 (1954) 131-295. 

M. Crandall, H. Ishii, P.-L. Lions, User's guide to viscosity solutions of second 
order partial differential equations. Bulletin Of The American Mathemat- 
ical Society 27 (1992) 1-67. 



12 



L. Denis, M. Hu, S. Peng, Function spaces and capacity related to a sublinear 
expectation: application to G-Brownian Motion Paths, 9 Feb 2008, arXiv: 
0802.1204vl [math.PR]. 

L. Denis, C. Martini, A theoretical framework for pricing of continent claims 
in the presence on model uncertainty. Annals of Applied Probability 16 
(2006) 827-857. 

F. Gao, Pathwise properties and homeomorphic flows for stochastic differ- 
ential equations driven by G-Brownian motion. Stochastic Processes and 
their Applications 119 (2009) 3356-3382. 

P. Huber, Robust Statistics, John Wiley & Sons, New York, 1981. 

N. Krylov, Nonlinear Parabolic and Elliptic Equations of the Second Order, 
Reidel Publishing Company, 1987. 

T. Lyons, Uncertain volatility and the risk free synthesis of derivatives. Ap- 
plied Mathematical Finance 2 (1995) 117-133. 

S. Peng, G-expectation, G-Brownian motion and related stochastic calculus 
of Ito's type. In: Stochastic Analysis and Applications, Proceedings of the 
Second Abel Symposium 2005 (eds. F. Benth, et al.). Springer- Verlag, New 
York, 2006, pp. 541-567. 

S. Peng, Law of large numbers and central limit theorem under nonlinear 
expectations, 13 Feb 2007, arXiv: math.PR/0702358vl. 

S. Peng, G-Brownian motion and dynamic risk measure under volatility un- 
certainty, 19 Nov 2007, arXiv: 0711.2834vl [math.PR]. 

S. Peng, A new central limit theorem under sublinear expectations, 18 Mar 
2008, arXiv: 0803.2656vl [math.PR]. 

S. Peng, Multi-dimensional G-Brownian motion and related stochastic calcu- 
lus under G-expectation, Stochastic Processes and their Applications 118 
(2008) 2223-2253. 

S. Peng, Survey on normal distributions, central limit theorem, Brownian 
motion and the related stochastic calculus under sublinear expectations, 
Sci China Ser A 52 (2009) 1391-1411. 



13 



Y. Song, Measures of risk and nonlinear expectations (Chinese version), Dis- 
sertation for the Doctoral Degree, Chinese Academy of Sciences, Beijing, 
2008. 

J. Xu, G-expectations and their applications in finance (Chinese version). 
Dissertation for the Doctoral Degree, Renmin University of China, Beijing, 
2008. 

J. Xu, B. Zhang, Martingale characterization of G-Brownian motion. 
Stochastic Processes and their Applications 119 (2009) 232-248. 



14 



O I Abstract 

(N 

j>^' In this paper we consider a sequence of random variables with mean uncer- 

^ ■ tainty in a subhnear expectation space. Without the hypothesis of identical 

distributions, we show a new central limit theorem under the sublinear ex- 
cn ! pectations. 

Keywords: Keywords: central limit theorem; sublinear expectation; 
'f^ '- G- normal distribution; mean uncertainty 

P^ : MSC: 60H10; 60H05 

-)— > 

=^' 1. 



00 
00 



o 
o 



% 



Preprint submitted to Nuclear Physics B May 25, 2010 



O I Abstract 

^! Keywords: 



(N 



00 
00 



o 
o 



% 



Preprint submitted to Nuclear Physics B May 25, 2010 



